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1 Introduction

The inverse eigenvalue problem for symmetric matrices consists on determining whether for an
ordered list of n real numbers there exists a symmetric and irreducible matrix of order n whose
spectrum coincides with the given list. Within this general problem, the case of bisymmetric Jacobi
matrices occupies a central place, since for each strictly monotone list, there is a unique bisymmet-
ric Jacobi matrix that realizes it. The term Jacobi matriz refers to a symmetric tridiagonal matrix
whose secondary diagonal has negative entries, so being irreducible Z-matrices. The term bisym-
metric refers to matrices that are symmetric with respect to their two main diagonals. Regardless
of their interest in fields such as mechanics or statistics, families of this type of matrices whose
spectrum is known are often used as tests for different recovery algorithms of the coefficients of
the matrices from spectral data. Unfortunately, there are very few families of bisymmetric Jacobi
matrices whose spectrum is known. Recently, bisymmetric Jacobi matrices whose eigenvalues form
a linear or quadratic monotone progression have been characterized, see [5], thus unifying many
different works over the last hundred years. For the case of periodic coefficients, the main results
in the literature refer mainly to low periods, up to 3, see for instance [1, 6, 7], but in these works
the bisymmetric case is not considered.

Our spectral analysis for Jacobi matrices is based on difference equations and the boundary
(Sturm-Liouville) problems associated with them, see the general results in [3]. Then we can incor-
porate to this study our results about second order difference equation with periodic coefficients,
see [2], obtaining so a general perspective of this kind of matrices. Finally, we consider the low
periodic case and then describe explicitly the rich structure of bisymmetric Jacobi matrices.

2 Spectral analysis of Jacobi matrices and difference equations

In the sequel for any n € N*, vectors in R"™! are denoted as v = (v, ...,v,), (always with the
subindex starting at k£ = 0). With this notation v > 0 means that vy > 0, k = 0,...,n and the set

of such vectors is denoted as (R*)"*!. In addition the null and the all ones vectors in R"*! are
denote by 0,11 and e, 1, respectively. We drop the subindexes when it does not lead to confusion.

We call z € R periodic with period p € N*, 1 < p < n if it satisfies that Zptk = 2k, for any
k=0,...,n+1—p. The subspace of periodic vectors in R"*! with period p is denoted as R*!.
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It is clear that dim(RgH) = p, since each periodic vector with period p is determined by its first
p entries. Specifically, if n +1 = mp +r with m € N* and 0 < r < p, then zy,,; = z; for any
k=0,...,m—1and j=0,...,p—1and when r > 1, 2,4 = z; for any j = 0,...,r —1. We also
consider the set (RT)21 = (RT)" MR = {z e RIF : 2 > 0}.

We call z € R"? almost-periodic with period p € N*, 1 < p < n if it satisfies that Zp+k = 2k,
for any k = 1,...,n —p. The subspace of almost-periodic vectors in R"*? with period p is denoted
as A?? and then dim(A*?) = p 4 2. Specifically, if n + 1 = mp +r with m € N* and 0 < r < p,
then zyp4; = zj forany £ =0,...,m—1land j=1,...,p—1 and when r > 1, z,,,4; = z; for any
Jj=0,...,7r— 1. In addition, we define the periodicity values o = 29 — 2z, and 7 = 2,41 — 2. Of
course, in any case, if z € A;L*Q, then z € ]R;”r2 iff with the above notation o0 =7 = 0.

Given m € N, the vector z = (29,...,2m) € R™*1 is called centrosymmetric when z,_, = 2,
for all K = 0,...,m. It is clear that the vector z is centrosymmetric iff z,,_p = 2z for any
k =0,...,[%]. Therefore, if S™*1 is the subspace of centrosymmetric vectors in R™*!, then
dim(S™*1) = [mTJrl}

The main objective of this work is to describe the eigenvalues and eigenvectors of some clases of
Jacobi matrices of order n + 2. According with the previously established framework, here Jacobi
matrix means a tridiagonal matrix of the form

ag —byp O 0
—by a1 —b1 . :
Jab)=|o . . . 0 (1)
: an  —by
(0 0 by an
where a = (ag, a1, ...,0n,an41) € R"2 and b = (bg...,b,) € (RT)"FL,

The Jacobi matrix J(a,b) is called bisymmetric when a and b are both centrosymmetric; that
is, apy1-k = ak, k=0,...,n+ 1 and b, = b, k = 0,...,n. Therefore, a bisymmetric Jacobi
matrix is determined by [241] + [2E2] = n + 2 values.

In the mathematical literature, the Jacobi matrix J(a,b) is called p-Toeplitz when its entries
along the diagonals are vectors of period p; that is, when the pair (a,b) € RZ” X (R*)ZH, see for
instance [1, 6]. Attending this terminology, if 1 < p < n, we call the Jacobi matrix J(a,b) almost
p-Toeplitz when a is almost-periodic with period p and b is periodic with period p; that is, when
(a,b) € A2 x (RY)»+1. We call Jacobi almost-Toeplitz matrix a Jacobi matrix that is almost
p-Toeplitz for some p > 1.

Given f € R"*2, when J(a,b)v = f € R"2, then v € R"*2 is a solution of the system

apvy — bovi = fo,
—bp—1Vk—1 + apvr — bpvpyr = fr, k=1,...,n, (2)
_bnvn + an41Vpt1 = fn+1-

In particular, when f = 0 we refer to the above linear system (2) as homogeneous.

We are interested in describing those real numbers, A € R, and those vectors, v € R"*2, such
that J(a,b)v = Av or equivalently, such that they are the solutions of the homogeneous system
J(@a— de,b)v =0.

If for any A € R we consider the subspace

Vap(A) = {v € R""?: J(a,b)v = Av} = ker(J(a — Ae, b)),

then X is called an eigenvalue of J(a,b) when dimV, ,(A) > 1 and then V, p(X) is called eigenvec-
tor subspace corresponding to A. Therefore, the eigenvalues of J(a,b) are the roots of P, p(z) =
det (J(a — we, b)), the characteristic polynomial of J(a,b).
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As we can observe, in system (2), the equations for the boundary nodes are different from the
equations corresponding to interior nodes of the path and this is one of the main characteristics
of our approach. In fact, we can view the interior equations as a difference equation on the path,
and the equations at the boundary as two boundary conditions. Since each boundary condition
only involves the boundary nodes and its adjacent nodes, they represent the discrete version of
separated, also known as Sturm-Liouville, boundary conditions. This is the way we understand
and study Jacobi matrices, interpreting them from (second order) discrete linear boundary value
problems. Given f € R"2 the equation A,p(v) = f on {1,...,n}, where the linear operator
A,p: R™2 — R™, named discrete Schrédinger operator with coefficients a and b, is defined by
the three-term equation

Aab(V)k = —br—1vk—1 + apvg — bpvggr, k=1,...,n, (3)

is known as the Schrddinger (difference) equation with coefficients a and b and data f. Since in this
work we only consider the homogeneous Schrédinger difference equations; that is, when f = 0, in
the sequel we use Schrodinger equation as synonymous of homogeneous Schrodinger equation.

The operator A, p, does not depend on the boundary entries, ag and a,41, of vector a. Now we
clarify their role by considering the boundary operators, ng, thl: R"+2 — R defined as

Bg,b(v) = agvy — bpv1  and B:Il(x) = Gp+1Vn+1 — bnn (4)

that depend only on the coefficients ag, an+1,bg and b,.
The homogeneous Sturm-Liouville Problem associated with a and b consist on finding those
v € R"2 satisfying
Asp(v) =0 and Bgﬂb(v) = B;ng(v) = 0. (5)

fV,p C R™*2 is the set of solutions of (5), then it is clear that Va.b is a vector subspace of ker(A, p),
the nullity of A,p. The Sturm-Liouville problem is called regular when dimV,, = 0 and singular
otherwise.

The following Lemma resume the well-known properties of the solutions for the homogeneous
Schrédinger equation; that is, the elements in ker(A,p). All results and motivations can be found
in [2, 3].

Lemma 2.1 When the Sturm-Liouville problem (5) is singular, then dim (V,p) = 1 and moreover,
Vab = span{v}, where v is the unique solution of the homogeneous Schrodinger equation satisfying
vg = bo, v1 = ao.

In view of the above result, given a € R"*2 and b € (R*)n + 1, we call fundamental solution
of the Schridinger equation A,p(z) = 0 the unique v € R™2 such that A, p(v) = 0 and moreover
vo = by and v; = ap, which implies that B(a),b(V) = 0. So, the boundary value problem (5) is singular
iff the fundamental solution of the homogeneous Schrodinger equation satisfies that ngl(v) =05
that is, ap41vn4+1 = bpvy, and then, V, b = span{v}.

We are ready to establish the main result about the eigenvalues and eigenvectors for the Jacobi
matrix J(a, b).

Theorem 2.2 Given a € R"2 and b € (RT)"", for any v € R, consider v(x) the fundamental

solution for the homogeneus Schrédinder equation A;_zep(z) = 0 on {1,...,n}. Then, for any
k=0,....n+1, vg(x) is a polynomial in x with degree k and the characteristic polinomial of
J(a,b) is

Pop(z) = b1+ bp((ans1 — 2)vpg1(2) — byon(z)).
Therefore, A € R is an eigenvalue of J(a,b) iff (ant1 — AN)vp+1(X) = bpvn () and when this happens
Vab(A) = span{v(A)}.
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After Theorem 2.2, it is clear that obtaining a closed formula for the eigenvalues of a Jacobi
matrix is equivalent to give an expression for the fundamental solution of second order difference
equations. So, the following question appears in a natural way:

For which coefficients a = (ag, .. .,ans1) € R"2 and b = (b, ..., b,) € (RT)"! we can obtain
explicitly v(x), the fundamental solution of the homogeneous Schridinger equation

Aa_zep(Z)k = —bp—121—1 + (ar, — )2 —bpzpy1 =0, k=1,....n (6)

for any x € R?

Recall that v(z) is characterized as the unique solution of equation (6) satisfying that vy(x) = by
and v1(x) = ag — . Furthermore, to do this, the entry a,4+1 of vector a has no role. It will only be
relevant when we need to know if x is an eigenvalue of J(a,b).

To treat to answer the above raised question we first identify some class of Schrodinger equations
for which an explicit expression for its fundamental solution is avaible.

We start our findings with the easier, and very well-known case, when the coefficients of the
homogeneous Schodinger equation (6) are constant. This means that ax = a, Kk = 1,...,n and
bp=0>0,k=0,...,n.

The analysis of the coefficients constant case will serve us a motivation and guide for the
following developments. Although a very common method is to consider the Binet basis; that is,
the two roots of the polynomial —bx? 4 (a — A\)x — b, we follow here another route that was also
used, implicitly or explicitly, in previous works, see for instance [1, 2] to mention only a few.

a—x
If for given = € R we define ¢ = T the homogeneous Schrodinger equation (6) is equivalent,

in the sense that it has the same solutions, to the Chebyshev equation with coefficient q
—2k-1+2qz — 2541 =0, k=1,...,n. (7)

Observe that if {Py(x)}kez is a Chebyshev sequence of polynomials, see [?], then the vector v =
(Po(q), - - -, Pry1(q)) € R™*?% is a solution of the Chebysev equation (7).

When the coefficients are non constant but they are periodic, then we can obtain its solutions
in a similar way than in the case of constant coefficients. The authors are firmly convinced that
this is the (technical) reason why so many papers on Jacobi matrices with periodic coefficients have
appeared over time and also the reason for that Chebyshev polynomials play a fundamental role
in the spectral analysis of this type of matrices.

Next we reproduce here the main results about linear second order difference equations with
periodic coefficients with the aim of obtaining the fundamental solution of the corresponding ho-
mogeneous Schrodinger equation (6). All results related with difference equations with periodic
coefficients can be found in [2].

We say that the Schrodinger operator A, has periodic coefficients with period p if a € AZ”
and b € (]RJF);‘H. It is clear that in this case, for any x € R we have that A,_,¢p has also periodic
coefficients with period p.

Given n € N* and 1 < p < n we consider m = L%L so m € N* and n+ 1 = mp + r, where
and 0 < r < p; that is, n + 1 = r(mod p). Notice that when p = 1, then r =0, m = n + 1 and the
case corresponds to a Schrodinger equation with constant coefficients, previously analized.

Although this scenario seems to be far away from the easiest one, we will show that it is not the
case, since the main result in [2] establishes that irreducible Schrodinger equations (not necessarily
self-adjoint) with periodic coefficients are basically equivalent to some Chebyshev equation.

To understand the structure of the solutions of a second order linear, irreducible and self-adjoint
difference equation with periodic coefficients of period p, it is useful to split a solution sequence
Vg, - - -, Un+1 into the following p subsequences:

Viptjs k=0,...,m, if j=0,...,r,

(8)

Vgptjs k=0,....m—1, if j=r+1,...,p—1
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Therefore, the sequence vy, ...,v,41 is splitted into r + 1 subsequences with m + 1 entries and
p — 1 — r subsequences with m entries. Of course, when r = p — 1, all subsequeces have m + 1
entries.

The structure of the solutions for difference equations with periodic coefficients is contained in
the following result:

Lemma 2.3 ([2, Theorem 3.3]) Let n € N* and 1 < p < n and consider m € N* and 0 < r < p
such that n +1 = mp + r. Then, there exists qp: Ag“ x (RY)2H1 — R satisfying that for any
a€ A2 and b e (RT)!H, 2 € R"*2 is a solution of the homogeneous Schridinger equation

—bg_12k—1 + arzx — bpzpr1 =0, k=1,...,n.
iff for any j =0,...,7, zgpyj is a solution of the Chebyshev equation
—zp—1+2¢gp(a,b)z — 241 =0, k=1,...,m
and for any j=r+1,...,p—1, zppy; is a solution of the Chebyshev equation
—2—1+ 2qp(a, b))z — 2541 =0, k=1,...,m— L.
Therefore, if z € R"™2 satisfies that A, p(z) = 0, then

Zkpti = Zp+iUk—1(ap(a, b)) — 2;Uk—2(gp(a, b))
where k =0,...,m when j=0,...,7r and k=0,....m—1 when j=r+1,...,p— 1.

While we know that any solution of a linear difference equation is implicitly determined by
its two first values, zp and z; by using the three-terms recurrence, the above result says that
the knowledge of the first 2p values of any solution of a homogeneous Schrédinger equation with
periodic coefficients of period p explicitly determines its remainder values. Of course, and as we
have previously showed, this result is well-known when p = 1; that is, for constant coefficients.
However, when p > 2, Lemma 2.3 showed that once this 2p values are determined, we get the
explicit expression for the solutions. This 2p values can be obtained from the two first one; 2y and
z1 by applying the three-term recurrence

2z, = byt (ar—125-1 — bp—22k-2), k=2...,p, when p > 2,
Zp+1 = bgl (apzp - bp—lzp—l)v

Zpik = bt (ak—12p k1 — br—22pik—2), k=2,...,p—1, whenp >3,

where we have applied the periodicity of a’s and b's. Of course, this result will be efficient when
p < n, for small values of p, and for the cases for which the explicit computation of the constant
gp(a, b) is also factible.

The function g, is named Floquet function and its value g,(a,b) at a € Ag“ and b € (RJF)ZH is
called Floquet constant for the vectors a and b. Therefore, obtaining the fundamental solution for
a second order linear difference equation with periodic coefficients depends only on the knowledge
of the associated Floquet constant.

As a straightforward consequence of Lemma 2.3, we can obtain the spectral information for
Jacobi almost p-Toeplitz matrices. First, it can be proved that g,(a — ze,b) is a polinomial with

1 ,r=1 -1
degree equal to p and main coefficient 5( I bk) .
k=0
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For fixed a € Ag“, we consider its the periodicity values 0 = ag — ap and 7 = apy1 — ar.
Therefore, ag = ap + 0 and an4+1 = a, + 7 and in particular, when r = 0 then a,1 = a, +0 + 7.
Moreover, a € RI2 iff 0 = 7 = 0.

For fixed a € A7 and b € (RT)!"*! we define the associated fundamental polynomials as vy, (x),
k=0,...,2p — 1 recurrently given as

( — bOa

) =
vi(z) =ap—x=ap+0—ux,

vg(z) = kll((ak 1— )1 (x )—bk,gvk,g(x)), k=2,...,p, if p>2,
Upt1(x) = by 1((% = 2)vp(x) = bp—10p-1(2)),

Vptk(T) = bkll((ak 1— ) Upyp—1(z) — bk,vaJrk,Q(m)), k=2,...,p—1, ifp>3.

It is clear that for any « € R, vo(z),v1(2),...,vop—1(x) are the first 2p entries of the fundamental
solution of the Schrédinger equation A,_zep(z) =0 on {1,...,n}.

In addition, for fixed a € AZ“ and b € (R*)g*l we also define the coefficient polynomials as
Qo(z) = (ap + 0 + 7 — x)vp(x) — bp—1vp—1(2),
Wo(z) =bo(ap + 0+ 7 — ) + bp_1 (vop—1(z) — 2¢(x)vp—1(2)),
and when p > 2, for any 1 <7 < p as
O, (x) = Tvpsr(z) + bpvpyrp1(z) and  V,(x) = T0.(2) + bpvp41 ().
Our main result is the following one.

Theorem 2.4 For any a € Apt? and b € (RT)2 consider vo(z), ..., vap-1(2) and ®,, ¥, their
associated fundamental and coefficient polynomials, respectively. Then, the characteristic polyno-
mial of the Jacobi almost p-Toeplitz matriz J(a,b) is

r—1
Pop(z) = b5 (] ) Hbm [ Up1(gp(a — ze,b)) — Uy (2) Uy _o(gp(a — e, b))]
J=0

Therefore, P,p(\) has n + 2 different roots and when Pyp(X) = 0, then V,p(A) = span{v()\)},
where the entries of v(\) are given by

Vkptj () = Uptj (M) Uk—1(gp(a — Ae, b)) — 0;(A)Ug—2(gp(a — Ae, b))
foranyk=0,.... mifj=0,....,randany k=0,....m—1ifj=r+1,....,p—1.

The result in Theorem 2.4 is quite general, but is still far from give us manageable expressions
for the spectral characteristics of the Jacobi almost-Toeplitz matrices. For instance, finding the
roots of the polynomial P, () is usually a numerical challenge, since explicit expressions are
available only in some special cases. We end this paragraph describing a specific case in which we
can go further, although we are still in a fairly general scenario.

When a € A;L”, b e RZ“ and n+1 = mp+r with 0 < r < p we say the pair (a,b) is
B-compatible if there exists 8 € R such that

O,.(z) = (2qp(a — ze,b) + B) U, (x). (9)

When g = 0 in the above identity, we simply refers it as compatible.
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Observe that when r > 1 the coefficients polynomials @, and ¥, have degree p+r+ 1 and p
respectively, whereas when r = 0, ®¢ has degree p + 1 and ¥y has degree less or equal to 2p — 1.
Therefore, when r = 0, the pair (a,b) only can be S-compatible for some 3, when the polynomial
vop—1(2) — 2gp(a — e, b)vp—1(x) has degree less that or equal to 1 and Wo(z) has degree equal to 1.

As we can see below, when the pair (a, b) is compatible, the characteristic polynomial of J(a, b)
is a multiple of the polynomial U, (qp(a — e, b)) + ﬁUm,l(qp(a — xe, b)), so the eigenvalues of
J(a,b) are related with the zeroes of Chebyshev polynomials. To analyze this situation, we first
consider the following result about zeroes of Chebyshev polynomials.

For any 5 € R we denote by 2z, 1(8) > -+ > zm m(5) the ordered m roots of the Chebyshev
polynomial U,,(2) + BUp—1(2). We know that z,, ;(0) = cos (Wf—il), j=1,...,m, and that for
any (3 # 0, m — 1 roots strictly interlace {2, ;(0)}7L; and the other one has modulus greater that

cos (77)-

Lemma 2.5 Given m > 1 and 8 € R, consider zy,1(8) > -+ > zmm(B) the ordered m roots of
the Chebyshev polynomial Uy, (z) + BUp—1(z). Then, the following properties hold:

1. If =0, then 2y ;(0) = cos (0;(0)) where Oy, ;(0) = forany j=1,.

m+l ’

2. If >0, forany j =1,...,m — 1 there exist T3 < 0, ;(B) < % such that zpy, ;j(B) =
cos (0]- (ﬁ)) Moreover, there exists Opm(B) > 0 satzsfymg that:
(a) When0< <1+ L, it < Omm(B) <m and zpmm(8) = cos (Omm(B)).
(b) When B=1+ L, 0, m(B) =7 and zmm(B) = cos (Omm(B)).
(c) When B> 1+ L. 0p,m(B) <log(B) and zmm(B) = — cosh (0pm(8)).

3. If B <0, for any j = 2,...,m there exist U i)l < Omji(B) < W{—L such that zy, ;j(B) =

cos (0;(B)). Moreover, there exists 0, 1(3) > 0 satisfying that:

(a) When —1 — % <P <0,0<0,1(8) < o and Zm1(B) = cos (Qm,l(ﬁ)).
(b) When B =—1— i, Om,1(B) =0 and 2,1 (B) = cos (0m,1(B)).

(¢) When < —1— —, Om,m (B) <log(|B8]) and zpm1(B) = cosh (Gmyl(ﬁ)).
Observe that, with the notation of the above Lemma, for any j = 1,...,m—1, 5, j11(—1) = (gjgi)lﬂ,
Om,j(1) = 5225, O 1 (—1) = 575 and Oy (1) = 2275

Theorem 2.6 Assume that a € A;,H'Q and b € (R“‘);}H are [3-compatible and let o,7 € R and
vo(2), ..., vop—1(x) be their periodicity coefficients and their associated fundamental polynomials,
respectively. Consider also the coefficient polynomial

¥ () bo(ap + 0+ 7 — ) + bp_1(vop—1(z) — 2q(x)vp—1(2)), whenr =0,
r\T) =
T (2) + bpvpg (), when 1 <1 < p,

Zm1(B) > -+ > zZm.m(B) the m roots of the Chebyshev polynomial Up,(x)+BUp—1(x) and 0m 1(5), - - ., Om,m(B)
the arguments given in Lemma 2.5. Then, the following properties hold:

1. U, (x) has degree r + 1 and r + 1 simple real T00ts, Appi1, .- ., Ant2.

2. For any j = 1,...,m, the equation qy(a — xe,b) = 2, ;(B) has p different real solutions
AG=1)p+15 5 Ajp-

3. { M} 1T are the eigenvalues of J(a,b).
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Moreover, when |5 < 1+ %, then for any j = 1,...,m and any £ = 1,...,p we have that
Vab(AG—1)pte) = span{v()\(j_l)”g)}, where the entries of v(Aj_1)p4¢) are given by

Ukpti (A G 1ypte) = Upri Ag—1)pe) S0 (kO j(B)) — vi(A(j—1)pse) sin ((k — 1)0m5(8)),

foranyk=0,....mifi=0,...,randany k=0,....m—1ifi=r+1,...,p— 1.
When |B] > 1+ %, the eigenvectors are the same except v(X;), j = 1,...,p for B < 0 or
V(Am—-1)p+j)s 3 = 1,...,p for B >0 for which their entries are given by

Ukpti(Aj) = vppi(Ag) sinh (k0 1(8)) — vi(XAj) sinh ((k — 1)0m,5(8)),
(=) F0rpri( A 1)pre) = UprilAG—1)pte) sinh (kb m(B))
+ Ui()‘(j—l)p+f) sinh ((k: - 1)9m7m(ﬂ))

foranyk=0,....mifi=0,....,randany k=0,....m—14fi=r+1,...,p—1.

In addition to obtain the general expression for the spectral characteristic of Jacobi almost-Toeplitz
matrices, in this communication we will also present their expression for the special case when the
matrices are bisymmetric; that is, when the vectors a and b are centrosymmetric. In fact, we
explicitly obtain the eigenvalues and eigenvectors for low periods.
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